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CURVES ORTHOGONAL TO A VECTOR FIELD IN EUCLIDEAN
SPACES
LUIZ C. B. DA SILVA AND GILSON S. FERREIRA JR.
Abstract. A curve is rectifying if it lies on a moving hyperplane orthogonal to
its curvature vector. In this work, we extend the main result of [B.-Y. Chen,
Tamkang J. Math. 48 (2017) 209–214] to any space dimension: we prove
that rectifying curves are geodesics on the hypersurface of higher dimensional
cones. In addition, we consider curves that lie on a moving hyperplane normal
to (i) one of the normal vector fields of the Frenet frame and to (ii) a rotation
minimizing vector field along the curve. The former class is characterized in
terms of the constancy of a certain vector field normal to the curve, while
the latter contains spherical and plane curves. Finally, we establish a formal
mapping between rectifying and spherical curves in any dimension.
1. Introduction
In Euclidean space we may ask “When does the position vector of a regular curve
always lie orthogonal to a vector field?”. In other words, the problem consists in
characterizing the curves α : I → Em+2 for which 〈α− p,V〉 = 0 in I, where p is a
constant and V is a vector field along α. Naturally, the answer will greatly depend
on the properties of V. For example, if α is a normal curve (here V = α′), then
the curve is spherical. On the other hand, if α is an osculating curve (here V is
the multinormal vector field, i.e., the last Frenet vector field from which we define
the torsion [9]), then every osculating curve is a hyperplane curve. In the 2000s,
Chen introduced the notion of a rectifying curve in the three-dimensional (3d)
Euclidean space by imposing that α always lies in its rectifying plane [3], i.e., it lies
in the plane spanned by the tangent and binormal vectors. Rectifying curves have
remarkable properties [5] and, in addition, they can be characterized as geodesics on
a cone [4]. The notion of rectifying curves may be extended to higher dimensional
Euclidean spaces [2, 10] by requiring α to lie in the (moving) hyperplane normal
to its curvature vector k = κ T
′
‖T′‖ , where T =
α′
‖α′‖ is the unit tangent and κ is the
curvature function of α. Naturally, we can also consider curves orthogonal to one
of the remaining vector fields of the Frenet frame (a problem originally proposed by
Cambie et al. [2]) or, more generally, curves orthogonal to vector fields coming from
frames distinct of Frenet, such as the so-called rotation minimizing (RM) frames
[1] (a problem investigated in 3d space by da Silva [6]). In addition, an equation
relating the curvatures and torsion and that characterizes these special classes of
curves was obtained for rectifying curves. This was first done in dimensions 3 and
4, [3, 8] and [10], respectively, and latter generalized to any dimension [2].
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In this work, we extend the main result of Chen in Ref. [4] to any space di-
mension. This is, we prove that rectifying curves are geodesics on the hypersurface
of higher dimensional cones (Theorem 2.3). We also consider curves that lie on a
moving hyperplane normal to the j-th vector field of the Frenet frame and charac-
terize them in terms of the constancy of a certain vector field normal the the curve,
namely, the projection of the curve on the hyperplane spanned by the (j + 1)-
th, (j + 2)-th, . . . , and multinormal vector fields of the Frenet frame (Theorem
3.5). In addition, by investigating the behavior of the coordinates of the curve
with respect to a given orthonormal moving frame, we establish a formal mapping
between spherical and rectifying curves (Theorem 4.1). Finally, we characterize
spherical and plane curves as those curves whose position vector lies orthonormal
to a rotation minimizing normal vector field (Theorem 5.2).
The remaining of this work is divided as follows. In Section 2, we study rectifying
curves in Euclidean spaces. In Section 3 we investigate curves normal to a Frenet
vector field. In Section 4 we establish a map between spherical and rectifying curves
and, finally, in Section 5 we consider curves normal to a rotation minimizing vector
field.
2. Rectifying curves in Euclidean spaces
In this section, we generalize the main result of Chen [4] and show that rectifying
curves in Em+2 are geodesics in the hypersurface of cones. This characterization
follows as a consequence of our Theorem 2.2, which is a generalization of Theorems
1 and 2 of [3]. Such extensions already appeared in [10] for dimension 4 and in [2]
for any dimension and the attentive reader will notice that our proofs are similar
to those of [2, 3, 10], but we included them here for the sake of completeness.
Let α : I → Em+2 be a regular C2 curve parameterized by the arc-length s, i.e.,
for all s ∈ I, 〈T(s),T(s)〉 = 1, where T(s) = α′(s).
Definition 2.1. We say that a C2 regular curve α is rectifying with vertex p if
〈α(s)− p,k(s)〉 = 0,
where k(s) = α′′(s) is the curvature vector of α and p is constant.
Theorem 2.2. The following conditions are equivalent:
(1) The curve α(s) is rectifying.
(2) There exist constants b and c ∈ R such that 〈α(s) − p,T(s)〉 = s + b and
ρ(s) ≡ ‖α(s)− p‖ = √s2 + 2bs+ c.
(3) There exist a reparameterization t = t(s) and a unit velocity spherical curve
β : J → Sm+1(p, 1) such that
α(t) − p = (a sec t)β(t),
where a ∈ R is a positive constant. (Notice that t is the arc-length of β.)
(4) The normal component of α(s) − p has constant length and ρ(s) is a non-
constant function.
Proof. (1)⇔ (2): Taking the derivative of 〈α(s)− p,T(s)〉 and using the definition
of rectifying curves, gives
(2.1) 〈α(s) − p,T(s)〉′ = 〈T(s),T(s)〉 + 〈α(s)− p,k(s)〉 = 1.
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Thus, we conclude that 〈α(s) − p,T(s)〉 = s+ b for some constant b. In addition,
(2.2) (ρ2)′(s) = 2〈α(s)− p,T(s)〉 = 2s+ 2b⇒ ∃ c ∈ R, ρ2(s) = s2 + 2bs+ c.
Conversely, if 〈α(s)−p, α(s)−p〉 = s2+2bs+ c, then taking the derivative twice
gives 1 + 〈α(s) − p,T′(s)〉 = 1, which implies 〈α(s) − p,T′(s)〉 = 0, i.e., α is a
rectifying curve.
(2) ⇔ (3): First, we may write ρ2 = (s + b)2 + a2, where a2 = c − b2 > 0 (notice
ρ2 > 0). Translating s, we may simply write ρ2 = s2 + a2 and 〈α− p,T〉 = s. Let
us define the spherical curve β(s) = 1
ρ(s) (α(s) − p). Then,
(2.3) α(s) − p =
√
s2 + a2 β(s)⇒ T(s) = s√
s2 + a2
β(s) +
√
s2 + a2 β′(s).
Since 〈β, β′〉 = 0, we deduce that ‖β′(s)‖ = a
s2+a2 . The arc-length, t, of β is
(2.4) t =
∫ s
0
a
u2 + a2
du = arctan
( s
a
)
⇒ s = a tan t.
Finally, substitution in Eq. (2.3) leads to the desired result: α(t)−p = (a sec t)β(t).
Conversely, if α(t) − p = (a sec t)β(t), then α′(t) = (a sec t)[tan(t)β(t) + β′(t)].
The arc-length parameter of α is s =
∫ ‖α′(t)‖dt = a ∫ sec2 t dt = a tan t. Finally,
ρ2(s) = 〈α(s) − p, α(s)− p〉 = a2 sec2 t = s2 + a2, which gives (2).
(1) ⇒ (4): We can assume that (2) and (3) are valid [they are a consequence
of (1)], from which follows that ρ2 = 〈α(t) − p, α(t) − p〉 = s2 + a2 = a2 sec2 t,
〈α− p,T〉 = s = a tan t, and
(2.5) α′(t) = (a sec t)[tan(t)β(t) + β′(t)]⇒ ‖α′(t)‖ = a sec2 t.
The normal component αN of α(t)− p = (a sec t)β(t) is
(2.6) αN (t) = (α(t) − p)− 〈α(t) − p, α
′(t)〉
‖α′(t)‖2 α
′(t),
which finally implies
〈αN (t), αN (t)〉 = 〈α(t)− p, α(t) − p〉 − 〈α(t) − p, α
′(t)〉2
‖α′(t)‖2
= 〈α(t)− p, α(t) − p〉 − 〈α(t) − p,T(t)〉2
= a2 sec2 t− a2 tan2 t = a2.(2.7)
(4)⇒ (1): Writing α−p = 〈α−p,T〉T+αN and C = 〈αN , αN 〉 constant, it follows
(2.8) 〈α− p, α− p〉 = 〈α− p,T〉2 + 〈αN , αN 〉 = 〈α − p,T〉2 + C.
Taking the derivative,
(2.9) 2〈α− p,T〉 = 2〈α− p,T〉
(
〈T,T〉 + 〈α− p,T′〉
)
⇒ 1 = 1 + 〈α − p,k〉,
where used that ρ non-constant implies 〈α − p,T〉 6= 0. Finally, we deduce that
〈α− p,T′〉 = 0, i.e., α is a rectifying curve. 
A cone hypersurface Cm+1(p) in Em+2 with vertex at p can be parameterized in
terms of a spherical submanifold, β(t1, . . . , tm) in S
m+1(p, 1), as
(2.10) Cβ(t1, . . . , tm, u) = u β(t1, . . . , tm).
For a fixed t0 = (t1, . . . , tm), the straight lines c(t) = Cβ(t0, t) are geodesics of the
cone, these are the so-called rulings. If β parameterizes a great sphere, i.e., the
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intersection of Sm+1(p, 1) with a hyperplane passing through p, the corresponding
cone is just a hyperplane, whose geodesics are all straight lines. So, in the following
we assume that this is not the case. The next theorem characterizes the remaining
geodesics on the hypersurface of a cone as rectifying curves.
Theorem 2.3. A regular C2 curve α : I → Em+2 is rectifying with vertex p if and
only if it is a geodesic on a cone Cm+1(p) which is not a ruling.
Proof. Let α(t) = u(t)β(t1(t), . . . , tm(t)) ≡ u(t)β(t) be a geodesic on Cm+1(p) with
β(t) ∈ Sm+1(p, 1) a unit speed curve. (Notice, α is not a ruling.) We have α′(t) =
u′(t)β(t) + u(t)β′(t) and, therefore, the length functional of α, which is a function
of t, u, and u′ only, is given by
(2.11) L(t, u, u′) =
∫ √
u2 + u′2 dt.
Since the energy is E =
√
u2 + u′2, the corresponding Euler-Lagrange equation is
(2.12)
∂E
∂u
− d
dt
∂E
∂u′
= 0⇒ uu′′ − 2u′ 2 − u2 = 0.
The general solution is of the form u(t) = a sec(t+b) for some constants a, b ∈ R.
Indeed, defining v(u) = du/dt leads to uv(u)v′(u)− 2v(u)2 − u2 = 0 and, dividing
by u/2, 2v(u)v′(u) − 4v(u)2/u = 2u. We may now define w = v2 and, therefore,
w′(u)− 4w(u)/u = 2u. Multiplying this equation by µ = 1/u4 (integrating factor),
we have the equation (w/u4)′(u) = 2/u3 = −(1/u2)′. There exists a constant c,
such that c2 = w/u4 + 1/u2 ⇒ c2 u4 = v2 + u2 = u′(t)2 + u2 or, equivalently,
(c u)4 = (c u′)2 + (c u)2, whose general solution is a secant function.
Finally, from our Theorem 2.2, it follows that a curve is rectifying if and only if
it is geodesic of a cone which is not a ruling. 
3. Curves normal with respect to a Frenet vector field
It is known that rectifying curves can be characterized in terms of the constancy
of the norm of its normal component [2, 3] [see Theorem 2.2, item (4)]. The problem
of characterizing curves normal to one of the Frenet vectors was first proposed by
Cambie et al. [2], we shall call such curves j-rectifying. In this section we provide a
characterization for j-rectifying curves in terms of the constancy of a certain normal
component (Theorem 3.5) which then generalizes the characterization of rectifying
curves, or 1-rectifying in our notation. First, we need some preliminaries results.
Let α : I → Em+2 be a regular curve. We say that α is a twisted curve if it is of
class Cm+2 and {α′(s), α′′(s), . . . , α(m+2)(s)} is linearly independent for all s ∈ I
[9]. We may associate with a twisted curve its Frenet frame {T,N1, . . . .Nm,B}
whose equation of motion in Em+2 is
(3.1)


T′ = κ0N1
N′i = −κi−1Ni−1 + κiNi+1
B′ = −κmNm
, i ∈ {1, . . . ,m},
where N0 = T is the unit tangent whose derivative gives the curvature function
κ0 = κ and Nm+1 = B is the multinormal vector whose derivative gives the tor-
sion κm = τ . In analogy to what happens in dimension 3, a hyperplane curve is
characterized by τ ≡ 0. Moreover, if α is twisted, then κi 6= 0 and τ 6= 0.
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Definition 3.1. We say that α is a j-rectifying curve, j ∈ {0, . . . ,m+ 1}, when
(3.2) ∀ s ∈ I, 〈α(s) − p,Nj(s)〉 = 0⇒ α− p =
m+1∑
i=0, i6=j
Ai(s)Ni(s),
where Ai(s) = 〈α(s)− p,Ni(s)〉.
Notice that for j = 0, 1, and m + 1 we have normal, rectifying, and osculating
curves, respectively. So, it remains to investigate the cases where j ∈ {2, . . . ,m}.
Lemma 3.2. Let α be any C2 regular curve and {V0 = T,V1, . . . ,Vm+1} be any
orthonormal moving frame along α whose equation of motion is
V′i(s) =
m+1∑
j=0
kij(s)Vj(s), where kij = −kji.
If we write
α(s) − p =
m+1∑
i=0
Ai(s)Vi(s),
then the coordinate functions {Ai} satisfy the system of equations
(3.3)
{
A′0(s) = 1 +
∑m+1
i=0 k0jAj(s)
A′i(s) =
∑m+1
i=0 kijAj(s)
, i ∈ {1, . . . ,m,m+ 1}.
In addition, the derivative of the distance function ρ = ‖α− p‖ and the tangential
coordinate, A0, are related by (ρ
2)′(s) = 2A0(s).
Proof. For i = 0, we have
(3.4) A′0 = 1 + 〈α− p,
m+1∑
i=0
k0jVj〉 = 1 +
m+1∑
i=0
k0jAj .
Now, for i ∈ {1, . . . ,m+ 1}, we have
(3.5) A′i = 0 + 〈α − p,
m+1∑
j=0
kij(s)Vj〉 =
m+1∑
i=0
kijAj .
In short, the coordinates functions satisfy the system in (3.3).
Now, let us investigate ρ. First, notice that kij = −kji follows as a result of the
orthonormality of {Vi}. In addition, noting that ρ2 =
∑m+1
i=0 A
2
i , we finally have
(ρ2)′ = 2A0A
′
0 + 2
m+1∑
i=1
AiA
′
i
= 2A0(1 +
m+1∑
i=0
k0jAj) + 2
m+1∑
i=1,j=0
kijAiAj
= 2A0 + 2
m+1∑
i=0,j=0
kijAiAj
= 2A0 +
∑
i<j
(kij + kji)AiAj = 2A0.(3.6)

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Equipping a curve with its Frenet frame and, in addition, taking into account that
a curve is j-rectifying when its j-th coordinate function Aj vanishes, the following
result holds.
Corollary 3.3. Let α be any Cm+2 regular curve and {Ai}m+1i=0 be the coordinate
functions with respect to the Frenet frame {Ni}m+1i=0 . Then, the coefficients {Ai}
satisfy the Frenet-like system of equations
(3.7)


A′0(s) = 1 + κ(s)A1(s)
A′i(s) = −κi−1(s)Ai−1(s) + κi(s)Ai+1(s)
A′m+1(s) = −τ(s)Am(s)
, i ∈ {1, . . . ,m}.
If, in addition, α is a j-rectifying curve, then
A′j−1 = −κj−2Aj−2, A′j+1 = κj+1Aj+2
and
−κj−1Aj−1 + κjAj+1 = 0.
Lemma 3.4. Let α : I → Em+2 be a regular twisted curve and {Ai} the coordinate
functions with respect to its Frenet frame. Then, α can not be simultaneously a j-
and a (j + 1)-rectifying curve for any j.
Proof. Assume that α is both j- and (j +1)-rectifying for some j. Then, it follows
that 0 = A′j = −κj−1Aj−1 + κjAj+1. Now, since α is also (j + 1)-rectifying and
κj−1 6= 0 (α twisted), we have Aj−1 = 0. So, α is also (j − 1)-rectifying. By
recursion, we would deduce that α is 1-, 2-,. . . , and (j − 1)-rectifying. (Notice
that A′0 = 1 ⇒ A0 = s + b.) Analogously, from Aj+1 = 0, we also have 0 =
−κjAj + κj+1Aj+2 = κj+1Aj+2 and, consequently, Aj+2 = 0. In short, we deduce
that all Ai vanish except for A0, which implies α = p+(s−a)T, i.e., α is a straight
line. Thus, α can not be twisted. 
Now, we provide a proof for the main theorem of this section characterizing
j-rectifying curves, which should be compared with item (4) of Theorem 2.2.
Theorem 3.5. Let α : I → Em+2 be a regular curve of class Cm+2. Then, α is
j-rectifying if and only if the normal vector field
αNj ≡
m+1∑
i=j+1
〈α− p,Ni〉Ni
has constant length.
Proof. Let α be j-rectifying, i.e., Aj = 0. Since ρ
2
j ≡ 〈αNj , αNj 〉 =
∑m+1
i=j+1 A
2
i ,
taking the derivative gives
(ρ2j)
′ = 2
m∑
i=j+1
(−κi−1Ai−1Ai + κiAiAi+1) + 2Am+1A′m+1
= 2(−κjAjAj+1 + τAmAm+1)− 2τAmAm+1 = 0.(3.8)
Therefore, αNj has constant length.
Conversely, let ρj be constant. We may assume, without loss of generality, that
Aj+1 6≡ 0, otherwise ρj = ρj+1 and we can exchange j and j + 1 (see Lemma 3.4).
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We can write α− p as
(3.9) α(s) − p =
j∑
i=0
AiNi + α
Nj ⇒ ρ2 =
j∑
i=0
A2i + ρ
2
j .
Taking the derivative, and using Corollary 3.3,
(ρ2)′ = 2
j∑
i=0
AiA
′
i + 0 = 2A0(1 + κA1) + 2
j∑
i=1
(−κi−1Ai−1Ai + κiAiAi+1)
= 2A0 + 2κA0A1 + 2(−κA0A1 + κjAjAj+1)
= 2A0 + 2κjAjAj+1.(3.10)
Since (ρ2)′ = 2A0 (Lemma 3.2), it follows that κjAjAj+1 = 0 and, consequently,
Aj = 0. In other words, α is a j-rectifying curve. 
Remark 3.6. The definition of j-rectifying curves only requires a Cj+1 condition
since the Frenet frame is defined in such a way that Vj ≡ span{T,N1, . . . ,Nj} =
span{α′, α′′, . . . , α(j+1)} [9]. Once we equip a j-rectifying curve with the first j +1
Frenet vectors, we could later choose any set of m − j + 1 orthonormal vector
fields spanning V ⊥j to complete a frame along α and then provide a proof entirely
analogous to the proof above.
4. A formal correspondence between spherical and rectifying curves
In E3, in addition to the characterization of rectifying curves in terms of ‖αN‖ =
constant, Chen showed that α is rectifying if and only if τ(s+b)κ =
1
a
, for some
constants a and b [3]. Item (iv) of Chen’s Theorem 1 [3] was later extended to
higher dimensional spaces in Theorem 4.1 of [2], see also [10] for a proof in 4d.
In this section, we show that such equation for the curvatures and torsion of a
rectifying curve in Em+2 allows us to establish a correspondence with spherical
curves in Em+1 (see Theorem 4.1). To illustrate this, if we denote κ0 = κ and
κ1 = τ , then there is a correspondence between circles in E
2 and rectifying curves
in E3 given by
(4.1) κ↔ κ1
(s+ c)κ0
=
τ
(s+ c)κ
.
Analogously, rectifying curves in E4 are characterized by the equation [2, 10]
(notice our notation is a bit different: κ0 = κ1, κ1 = κ2, and τ = κ3)
(4.2)
(s+ c)κ0
κ1
τ +
d
ds
{
1
τ
d
ds
[
(s+ c)κ0
κ1
]}
= 0.
Consequently, we may establish a correspondence between spherical curves in E3
and rectifying curves in E4 given by
(4.3) (κ, τ)↔
(
κ1
(s+ c)κ0
, τ
)
.
Indeed, it is known that spherical curves in E3 are characterized by τ
κ
+[ 1
τ
( 1
κ
)′]′ = 0
[7, 9], which is equivalent to Eq. (4.2) under the correspondence above. The next
theorem states that this is a general feature of spherical and rectifying curves.
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Theorem 4.1. Let (ki, τ˜ ) and (κi, τ) denote the curvatures and torsion of regular
curves in Em+1 and Em+2, respectively, then the correspondence
(4.4) (k, k1, . . . , km−1, τ˜ )↔
(
κ1
(s+ b)κ
, κ2, . . . , κm, τ
)
formally maps spherical curves in Em+1 into rectifying curves in Em+2 and vice-
verse. In addition, if {Ci} and {Ai} are respectively the coordinate functions of
regular spherical and rectifying curves in Em+1 and Em+2 with respect to the their
Frenet frames, then (C0, C1) = (0,− 1k ) and (A0, A1, A2) = (s+ b, 0, (s+b)κκ1 ) and the
remaining coordinate functions are related by
(4.5) (C2, . . . , Cm)↔ (A3, . . . , Am+1).
Proof. Let α be a spherical curve in Sm(r) ⊂ Em+1 with coordinate functions {Ci},
curvatures ki, and torsion τ˜ . Since spherical curves can be seen as normal curves,
we have C0 = 0 and, therefore, the remaining coordinates satisfy the system
(4.6)


0 = 1 + kC1
C′1 = k1C2
C′i = −ki−1Ci−1 + kiCi+1
C′m = −τ˜Cm−1
, i ∈ {2, . . . ,m− 1}.
On the other hand, the coordinate functions {Ai} of a rectifying curve in Em+2
satisfy
(4.7)


A′0 = 1
0 = −κA0 + κ1A2
A′2 = κ2A3
A′i = −κi−1Ai−1 + κiAi+1
A′m+1 = −τAm
, i ∈ {3, . . . ,m}.
Comparing the two systems above, we see that under the correspondences
(4.8) (k, k1, . . . , km−1, τ˜ )↔
(
κ1
(s+ b)κ
, κ2, . . . , κm, τ
)
and
(4.9) (C2, . . . , Cm)↔ (A3, . . . , Am+1),
it is possible to establish a map between spherical and rectifying curves. Finally,
the remaining coordinate function of the spherical curve is C1 = − 1k , while the two
remaining coordinate functions of the rectifying curve are
A0 = s+ b and A2 =
κ
κ1
A0 =
(s+ b)κ
κ1
.

Remark 4.2. It is possible to write a single differential equation relating curvatures
and torsion to characterize rectifying curves [2]. Under the correspondence given
by the theorem above, we may write a single differential equation characterizing
spherical curves as well. Such an equation then generalizes the characterization of
spherical curves in E4 and E5 given by da Silva-da Silva [7] (see their Remark 2).
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Remark 4.3. There also exists a formal correspondence between j-rectifying curves
in Em+2 and curves in E j ×Sm−j(r) for some r > 0. Indeed, let α be a j-rectifying
curve, its coordinate functions with respect to its Frenet frame satisfy the equations
(4.10)


A′0 = 1 + κA1
A′i = −κi−1Ai−1 + κiAi+1
A′j−1 = −κj−1Aj−2
0 = −κj−1Aj−1 + κjAj+1
A′j+1 = κj+1Aj+2
A′k = −κk−1Ak−1 + κkAk+1
A′m+1 = −τAm
,
i ∈ {1, . . . , j − 2}
k ∈ {j + 2, . . . ,m} .
The first j functions (A0, A1, . . . , Aj−1) behave like the coordinates of a generic
twisted curve in E j with torsion κj−2, while the remaining coordinate functions
together with A = s + b, i.e., (s + b, Aj+1, . . . , Am+1), behave like the coordinates
of a rectifying curve in Em−j+2, which can be associated with a spherical curve in
E
m−j+1 according to Theorem 4.1.
5. Curves normal with respect to a rotation minimizing vector field
We may equip a regular curve with any orthonormal frame in addition to the
Frenet frame. This is the case of the so-called rotation minimizing frames [1]. We
now consider curves that always lie orthogonal to a rotation minimizing frame, a
problem originally considered in 3d [6]. In this section we show that this leads to
plane and spherical curves.
We say that a unit C1 vector field V, normal to α′, is rotation minimizing (RM)
if 〈V′(s),T(s)〉 = 0 [1], i.e., if it is parallel transported with respect to the normal
connection of the curve.
Definition 5.1. We say that a regular C2 curve α is normal with respect to an
RM vector field V if 〈α(s) − p,V(s)〉 = 0, where p is constant.
Theorem 5.2. A curve is normal with respect to an RM field if and only if it is
either a hyperplane or a spherical curve.
Proof. If α is normal with respect to an RM field V, we extend it to an RM frame
{T,V1, . . . ,Vm,V} along α and write
(5.1) α(s)− p = A(s)T(s) +A1(s)V1(s) + · · ·+Am(s)Vm(s).
Taking the derivative, gives
(5.2) T = (A′ −
m∑
i=1
Aiκi)T+
m∑
i=1
(A′i +Aκi)Vi +AλV.
From the coordinate ofV, we deduce that Aλ = 0. If λ = 0, thenV is constant and,
consequently, α−p lies in a hyperplane orthogonal to V. On the other hand, if A =
0, then α is a normal curve, i.e., α is spherical: 〈α−p, α−p〉 = R2 ⇔ 〈α−p,T〉 = 0.
(Notice, {Ai} are all constant: from the coordinate of Ni in Eq. (5.2), A′i = 0; and
are related to the radius of the sphere by R2 = 〈α− p, α− p〉 =∑mi=1A2i .)
Conversely, if α is spherical, α : I → Sm+1(p,R), the normal to the sphere,
ξ = 1
R
(α − p), is an RM vector field. We may equip α with an RM frame
{T,V1, . . . ,Vm, ξ}. Noticing that each Vi has to be tangent to the sphere, we
deduce that α− p is normal to an RM vector field. The same reasoning applies to
a hyperplane curve and the vector field normal to the plane. 
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